In this study, we investigate muon g − 2, R K ( * ) , and R D ( * ) anomalies in a specific model with one doublet, one triplet, and one singlet scalar leptoquark (LQ). When the strict limits from the ℓ ′ → ℓγ, ∆B = 2, B s → µ + µ − , and B + → K + νν processes are considered, it is difficult to use one scalar LQ to explain all of the anomalies due to the strong correlations among the constraints and observables. After ignoring the constraints and small couplings, the muon g −2 can be explained by the doublet LQ alone due to the m t enhancement, whereas the measured and unexpected smaller R K ( * ) requires the combined effects of the doublet and triplet LQs, and the R D and R D * excesses depend on the singlet LQ through scalar-and tensor-type interactions.
I. INTRODUCTION
Several interesting excesses in semileptonic B decays have been determined in experiments such as: (i) the angular observable P ′ 5 of B → K * µ + µ − [1] , where a 3.4σ deviation due to the integrated luminosity of 3.0 fb −1 was found at the LHCb [2, 3] , and the same measurement with a 2.6σ deviation was also reported by Belle [4] ; and (ii) the branching fraction ratios R D,D * , which are defined and measured as:
0.375 ± 0.064 ± 0.026 Belle [5] , 0.440 ± 0.058 ± 0.042 BaBar [6, 7] ,
0.302 ± 0.030 ± 0.011 Belle [8] , 0.270 ± 0.035±
Belle [9] , 0.332 ± 0.024 ± 0.018 BaBar [6, 7] , 0.336 ± 0.027 ± 0.030 LHCb [10] ,
where ℓ = (e, µ), and these measurements can test the violation of lepton-flavor universality.
The averaged results from the heavy flavor averaging group are R D = 0.403 ± 0.040 ± 0.024
and R D * = 0.310 ± 0.015 ± 0.008 [11] , and the standard model (SM) predictions are around R D ≈ 0.3 [12, 13] and R D * ≈ 0.25, respectively.
Further tests of lepton-flavor universality can be made using the branching fraction ratios R K ( * ) = BR(B → K ( * ) µ + µ − )/BR(B → K ( * ) e + e − ). The current LHCb measurements are R K = 0.745
+0.090
−0.074 ± 0.036 [14] and R K * = 0.69
+0.11
−0.07 ± 0.05 [15] , which indicate a more than 2.5σ deviation from the SM results. In addition, a known anomaly is the muon anomalous magnetic dipole moment (muon g − 2), where its latest measurement is ∆a µ = a exp µ − a SM µ = (28.8 ± 8.0) × 10 −10 [16] . If we assume that these results are correct, we need to extend the SM to explain these excesses. Inspired by these experimental observations, various solutions to the anomalies have been proposed .
In the SM, the b → cℓ ′ν ℓ ′ decays (ℓ ′ = e, µ, τ ) arise from the W -mediated tree diagram, whereas the b → sℓ ′+ ℓ ′− decays are generated by W -mediated box and Z-mediated penguin diagrams. In the present study, based on our earlier study of muon g − 2 and R K anomalies [73] , we attempt to establish a specific model that simultaneously explains the muon g − 2, R K ( * ) , and R D ( * ) anomalies when the experimental bounds involved are satisfied. The serious constraints include ℓ i → ℓ j γ, ∆F = 2, B s → µ + µ − , B → Kνν, etc. To clarify the effects introduced, we do not scan all of the parameters involved, but instead we retain the relevant couplings that can satisfy or escape from the experimental bounds, whereas we directly neglect the constrained and smaller couplings.
To obtain the non-universal lepton-flavor effects, we consider the extension of the SM by including scalar leptoquarks (LQs), where the LQs are colored scalar particles that are coupled to a lepton and a quark at the same vertex, and the couplings to the quarks and leptons are flavor-dependent free parameters. LQs can couple to fermions and charge-conjugation of them at the same time, so in addition to the SU(2) singlet, doublet, and triplet represen- It is known that the effective interactions for the muon g − 2 can be expressed as
is the chiral projection operator and F αβ is the electromagnetic field strength tensor. The initial and final muons carry different chirality, so in order to enhance the ∆a µ and avoid suppression by the lepton mass, the introduced LQ must interact with the left-handed and right-handed leptons. Due to the gauge invariance, the LQ can be an SU(2) doublet, and its hypercharge can be determined as Y = 7/6.
In addition to the muon g−2, the doublet LQ can also contribute to b → sℓ ′+ ℓ ′− ; thus, this LQ may help resolve the excesses in B → K ( * ) µ + µ − . Unfortunately, the corrections to the Wilson coefficients of C 9 and C 10 for the b → sℓ + ℓ − decays have the same sign, whereas we need an opposite sign to explain the measurements of the R K ( * ) , P ′ 5 , and
Moreover, when combined with the experimental limits, the Yukawa couplings involved are too small to explain the R D and R D * anomalies. Thus, we have to introduce more LQs.
Due to the SM neutrinos being left-handed particles, the extra LQs for the b → cℓ ′ν ℓ ′ processes must couple to the doublet leptons. According to the gauge invariance, these LQs can be singlet, doublet, or triplet. The b → c transition involves up-and down-type quarks, so the doublet LQ is excluded as a candidate. A triplet LQ is a good candidate for the b → sℓ ′+ ℓ ′− processes because the associated values for C 9 and C 10 have opposite signs. The triplet LQ can contribute to both b → sℓ ′+ ℓ ′− and b → cℓ ′ν ℓ ′ decays at the tree level, but it can be shown that both processes share the same LQ couplings. Therefore, by considering the constraints on the b → sℓ + ℓ − decays and ∆B = 2 process, the R D and R D * cannot be enhanced significantly. Thus, in addition to the triplet LQ, it is necessary to consider a singlet LQ [28, 70] . Intriguingly, we show that such a singlet LQ can contribute to b → cℓ ′ν ℓ ′ but not to b → sℓ ′+ ℓ ′− at the tree level, i.e., the couplings of the singlet LQ are not affected by the b → sℓ + ℓ − constraints. The singlet LQ can induce b → sµ + µ − according to one-loop diagrams [70] , but a previous analysis by [75] showed that it is not a viable approach when using a singlet scalar LQ to simultaneously explain R D ( * ) and R K ( * ) . Hence, more LQs are necessary to explain the anomalies.
The remainder of this paper is organized as follows. In Section II, we introduce our model and derive formulae for the numerical analysis. In Section III, we present the numerical analysis to show the parameter regions that correspond with anomalies in semileptonic B decays. A summary is given in Section IV.
II. MODEL AND FORMULAE
In this section, we begin by formulating the model, before studying the relevant phenomena of interest. The three LQs introduced are Φ 7/6 = (2, 7/6), ∆ 1/3 = (3, 1/3), and
where the doublet and triplet representations can be taken as:
where the superscripts are the electric charges of the particles. Accordingly, the LQ Yukawa couplings to the SM fermions are expressed as:
where the flavor indices are suppressed,
L are the unitary matrices used to diagonalize the quark mass matrices, and U d L and U u R have been absorbed into k,k, y,ỹ, and w. In the model, we cannot generate the neutrino masses. Therefore, we treat the neutrinos as massless particles and their flavor mixing effects are rotated away. There is no evidence for any new CP violation, so in the following, we treat the Yukawa couplings as real numbers.
The scalar LQs can also couple to the SM Higgs via the scalar potential, and the cross section for the Higgs to diphoton can be modified in principle. However, the couplings of the LQs to the Higgs are different parameters and irrelevant to the flavors, so by taking proper values for the parameters, the signal strength parameter for the Higgs to diphoton can fit the LHC data. Hence, we do not discuss this issue in the present study, but a detailed analysis was given by [73] .
A. Effective interactions for semileptonic B-decay
According to the interactions in Eq. (3), we first derive the four-Fermi interactions for the
ℓ ′ processes, the induced current-current interactions from k 3jki2 andỹ 3i w 2j are (S − P ) × (S − P ) and those from y 3i y 2j andỹ 3iỹ2j are (S − P ) × (S + P ), where S and P denote the scalar and pseudoscalar currents, respectively.
After taking the Fierz transformations, the Hamiltonian for the b → cℓ ′ν ℓ ′ decays can be expressed as:
where the indices i, j are the lepton flavors, and the LQs in the same representation are taken as degenerate particles. It can be seen that the interaction structure obtained from the triplet LQ is the same as that from the W -boson. The doublet LQ generates an (S − P ) × (S − P ) structure, but also a tensor structure. However, the singlet LQ can produce (V −A)×(V −A), decays mediated by φ 2/3 and δ 4/3 at the tree level can be expressed as:
where the Fierz transformations have been applied. By Eq. (5), we can see clearly that the quark currents from both the doublet and triplet LQs are left-handed, whereas the lepton current from the doublet (triplet) LQ is right(left)-handed. When we include Eq. (5) in the SM contributions, the effective Hamiltonian for the b → sℓ ′+ ℓ ′− decays is written as:
where the leptonic currents are denoted by L
µ =lγ µ (γ 5 )ℓ, and the related hadronic currents are defined as:
The effective Wilson coefficients with LQ contributions are expressed as:
where can be different from that of
. Therefore, when the constraint from B s → µ + µ − decay is satisfied, we can obtain sizable values for C LQ,µ 9
to fit the anomalies of R K ( * ) and angular observable in
The LQs can contribute to the electromagnetic dipole operators, but since the effects occur through one-loop diagrams and they are also small, the associated Wilson coefficient C 7 comes mainly from the SM contributions. As mentioned earlier, the singlet LQ S 1/3 can also contribute to C 9,10 through box diagrams [70] . Using our notations, the results can be expressed as [70] :
where the Wilsons coefficients C box,ℓ LQ, the same effect will enhance the b → cµν process such that R D ( * ) is still lower than the experimental data. A detailed analysis was given by [74] . In order to avoid enhancing the b → cµν channel, we assume that the loop effects of Eq. (9) are small, and the resolution to R K ( * ) comes from other LQ contributions in Eq. (8). we can avoid the constraints by assuming that
affecting the analyses of R D ( * ) and R K ( * ) . Thus, the relevant ∆F = 2 process is B s −B s mixing, where ∆m Bs = 2| B s |H|B s | is induced from box diagrams and the LQ contributions can be formulated as:
where
Bs /3, f Bs ≈ 0.224 GeV is the decay constant of B s -meson [79] , and the current measurement is ∆m exp Bs = 1.17 × 10 −11 GeV [16] . To satisfy the R K ( * ) excess, the rough magnitude of LQ couplings is |y 3i y 2i | ∼ |k 3i k 2i | ∼ 5 × 10 −3 . Using these parameter values, it can be shown that the resulting ∆m Bs agree with the current data. However, ∆m Bs can indeed constrain the parameters involved in the b → cℓ ′ν ℓ ′ decays. Later, we discuss how this constraint can be satisfied.
In addition to the muon g −2, the introduced LQs can also contribute to the lepton-flavor violating processes ℓ ′ → ℓγ, where the current upper bounds are BR(µ → eγ) < 4.2 × 10
and BR(τ → e(µ)γ) < 3.3(4.4)×10 −8 [16] , and they can strictly constrain the LQ couplings.
To understand the constraints due to the ℓ ′ → ℓγ decays, we express their branching ratios (BRs) as:
with C µe ≈ 1, C τ e ≈ 0.1784, and C τ µ ≈ 0.1736. (a R ) ab is written as:
, (a L ) ab can be obtained from (a R ) ab by using (F † αβ ) ab instead of (F αβ ) ab , and the function F kk is given by:
We note that Vk 3b ≈ k 3b and Vỹ 3a ≈ỹ 3a due to V ub,cb ≪ V tb ≈ 1. From Eq. (3), we can see that the doublet and singlet LQs can simultaneously couple to both left-and right-handed charged leptons, and the results are enhanced by m t . Other LQ contributions are suppressed by m ℓ due to the chirality flip in the external lepton legs, and thus they are ignored. Based on Eq. (12), the muon g − 2 can be obtained as:
As mentioned earlier, the singlet LQ does not contribute to b → sℓ ′+ ℓ − at the tree level, but it will induce the b → sνν process, where the current upper bound is B + → K + νν < 1.6 × 10 −5 , and the SM result is around 4 × 10 −6 . Therefore, B + → K + νν can bound the parameters ofỹ 3iỹ2i . The four-Fermi interaction structure, which is induced by the LQ, is the same as that induced by the W -boson, so we can formulate the BR for B + → K + νν as: and predicted by the SM [82] are BR(
, respectively. The experimental data are consistent with the SM prediction, so in order to consider the constraint due to B s → µ + µ − , we use the expression for the BR as [65] :
In addition to the B − → D ( * ) τν decay, the induced effective Hamiltonian in Eq. (4) also contributes to the B c → τν process, where the allowed upper limit is BR(B − c → τν) < 30% [86] . According to a previous given by [86] , we express the BR for B c → τν as [86] :
where f Bc is the B c decay constant and the ǫ L,P in our model are given as:
Using τ Bc ≈ 0.507 × 10 −12 s, m Bc ≈ 6.275 GeV, f Bc ≈ 0.434 GeV [87] , and V cb ≈ 0.04, the SM result is BR SM (B c → τν τ ) ≈ 2.1%. We can see that the effects of the new physics can enhance the B c → τν τ decay by a few factors at most in our analysis given in the following.
C. Observables: R D ( * ) and R K ( * )
The observables of R D ( * ) and R K ( * ) are the branching fraction ratios that are insensitive to the hadronic effects, but the associated BRs still depend on the transition form factors.
In order to calculate the BR for each semileptonic decay, we parameterize the transition form factors forB → P as:
where P can be the D(q = c) or K(q = s) meson, and the momentum transfer is given by q = p 1 − p 2 . For the B → V decay where V is a vector meson, the transition form factors associated with the weak currents are parameterized as:
where V = D * (K * ) when q = c(s), ǫ 0123 = 1, σ µν γ 5 = (i/2)ǫ µνρσ σ ρσ , and ǫ µ is the polarization vector of the vector meson. We note that the form factors associated with the weak scalar/pseudoscalar currents can be obtained through the equations of motion, i.e.,
For numerical estimations, the q 2 -dependent form factors F + , F T , V , A 0 , and T 1 are taken as [83] :
and the other form factors are taken as:
The values of f (0), σ 1 , and σ 2 for each form factor are shown in Table I . A detailed discussion of the form factors was given by [83] . The NNL effects obtained with the LCQCD approach for the B → D form factors were described by [84] .
According to the form factors in Eqs. (19) and (20), and the interactions in Eqs. (4) and (6), we briefly summarize the differential decay rates for the semileptonic B decays, which (21) and (22) . we use for estimating R D ( * ) and R K . For theB → Dℓ ′ν ℓ ′ decay, the differential decay rate as a function of the invariant mass q 2 can be formulated as:
where the {X ℓ ′ α } functions and LQ contributions are given by:
We note that the effective couplings C 
where λ D * is found in Eq. (24) 
For the B → Kℓ + ℓ − decays, the differential decay rate can be expressed as [85] :
From Eq. (27), the measured ratio R K in the range q 2 = [q 
R K * is similar to R K , and thus we only show the result for R K .
III. NUMERICAL ANALYSIS
After discussing the possible constraints and observables of interest, we now present the numerical analysis to determine the common parameter region where the R D ( * ) and R K ( * ) anomalies can fit the experimental data. Before presenting the numerical analysis, we summarize the parameters involved, which are related to the specific measurements as follows:
The parameters related to the radiative LFV, ∆B = 2, and B + → K + νν processes are defined as:
τ → ℓ a γ : k 33ka3 ,k 33 k 3a ,ỹ 33 w 3a , w 33ỹ3a ;
∆m Bs :
where z 3i z 2i = k 3i k 2i , y 3i y 2i ,ỹ 3iỹ2i . From Eqs. (29) and (30), we can see that in order to avoid the µ → eγ and τ → ℓγ constraints and obtain a sizable and positive ∆a µ , we can set (k 13,33 , k 31,33 , w 3i ) as a small value. From the limit of B + → K + νν, we obtainỹ 3iỹ2i < 0.03, and thus the resulting ∆m Bs is smaller than the current data. In order to further reduce the number of free parameters and avoid large fine-tuning couplings, we employ the scheme with k ij ≈k ji ≈ |y ij |, where the sign of y ij can be selected to obtain the correct sign for
and to decrease the value of C LQ,µ 10 such that B s → µ + µ − can fit the experimental data. As mentioned earlier, to avoid the bounds from the K, B d , and D systems, we also use k 1ℓ ′ ≈k ℓ ′ 1 ≈ y 1i ≈ỹ 1i ≈ w 1i ∼ 0. When we omit these small couplings, the correlations of the parameters in Eqs. (29) and (30) can be simplified further as:
whereỹ 3iỹ2i are ignored due to the constraint from B + → K + νν. The typical values of these parameters for fitting the anomalies in the b → sµ + µ − decay are y 32 (k 32 ), y 22 (k 22 ) ∼ 0.07, so the resulting ∆m Bs is smaller than the current data, but these parameters are too small to explain R D ( * ) . Thus, we must depend on the singlet LQ to resolve the R D and R D * excesses, where the main free parameters are nowỹ 3ℓ ′ w 2ℓ ′ .
After discussing the constraints and the correlations among various processes, we present the numerical analysis in the following. There are several LQs in the model, but we use m LQ to denote the mass of a LQ. From Eqs. (12), (14) , and (31), we can see that the muon g − 2 depends only on k 32k23 and m Φ . We illustrate ∆a µ as a function of k 32k23 in Fig. 1(a According to the relationships shown in Eq. (31), R K , B s → µ + µ − , and ∆m Bs depend on the same parameters, i.e., k 32 k 22 and y 32 y 22 . We show the contours for these observables as a function of k 32 k 22 and y 32 y 22 in Fig. 1(b) , where the data with 1σ errors and m LQ = 1.5
TeV are taken for all LQ masses. Based on these results, we see clearly that ∆m Bs < ∆m ∼ −1, which is used to explain the angular observable P ′ 5 , can also be achieved in the same common region. According to Fig. 1(b Finally, we make some remarks regarding the constraint due to the LQ search at the LHC.
Due to the flavor physics constraints, only the S 1/3 Yukawa couplingsỹ tτ ,ỹ bντ , and w cτ can be of O(1). These couplings affect the S 1/3 decays but also their production. Therefore, in addition to the S 1/3 -pair production, based on the O(1) Yukawa couplings, the single S 1/3 production becomes interesting. In the pp collisions, the single S 1/3 production can be generated via the gb → S −1/3ν τ and gc → S −1/3 τ + channels. Using CalcHEP 3.6 [88, 89] with the CTEQ6 parton distribution functions [90] , their production cross sections with |w 23 | ∼ |ỹ bντ | ∼ √ 2 and m LQ = 1000 GeV at √ s = 13 TeV can be obtained as 3.9 fb and 2.9 fb, respectively, whereas the S 1/3 -pair production cross section is σ(pp → S −1/3 S 1/3 ) ≈ 2.4
fb. If we assume that S −1/3 predominantly decays into tτ , bν τ , and cτ with similar BRs, i.e. BR(S −1/3 → f ) ∼ 1/3, then the single S 1/3 production cross section σ(S −1/3 X) times BR(S −1/3 → f ) with X and f as the possible final states can be estimated as around 1 fb.
The LQ coupling w 23 involves different generations, so the constraints due to the collider measurements may not be applied directly. However, if we compare this with the CMS experiment [91] based on a single production of the second-generation scalar LQ, we find that the values of σ × BR at m LQ ∼ 1000 GeV are still lower than the CMS upper limit with few fb. The significance of this discovery depends on the kinematic cuts and event selection
conditions, but this discussion is beyond the scope of this study and we leave the detailed analysis for future research.
IV. SUMMARY
In this study, we considered the muon g − 2, R K ( * ) , and R D ( * ) anomalies in a specific model with one doublet, triplet, and singlet LQ. We demonstrated that the muon g − 2 can be explained only by the doublet LQ due to the m t enhancement. The combined effects of the doublet and triplet LQs can lead to C LQ,µ 9 ∼ −1, which can resolve the R K ( * )
anomaly and the excess of the angular observable P The significance of this discovery requires validation in a detailed event simulation, which is beyond the scope of the present study.
